ICTP PWF - Operators on Hilbert Spaces
Tutorial 2
Discussion on Problem Set 1

by Atonu Roy Chowdhury, BRAC University

Resources:

1. Introductory Functional Analysis with Applications, by Erwin Kreyszig. PDF: https://
physics.bme.hu/sites/physics.bme.hu/files/users/BMETE15AF53_kov/Kreyszig%20-
%20Introductory%20Functional%20Analysis%20with%20Applications%20(1).pdf

2. Dr Frederic P. Schuller’s Lectures on Quantum Theory. Lecture notes: https://
tales.mbivert.com/Lectures_on_Quantum_Theory_complete.pdf , YouTube playlist:
https://www.youtube.com/playlist?list=PLPH7f_7Z1zxQVx5jRjbfRGEZWY_upS5Ké6

3. Real Analysis (4th Edition), by HL Royden and PM Fitzpatrick. PDF: https://
uas201142004vilesia.wordpress.com/wp-content/uploads/2014/12/bahan-ajar-analisis-
real-3.pdf

I.1. Let R be the set of real numbers.

(a) What is a dense subset of R?

(b) Is the set of irrational numbers dense in R? If so, give a proof.

1.2. What is a continuous function from R to R? Give two examples and two non-examples
of such functions with explanations.

[.3. Let C*(R,R) be the set of all real-valued smooth functions on R. Is it an inner product
space and/or a Hilbert space? Provide arguments in favour of your answer.

1.4. Define the space L?(R,C) of square-integrable complex-valued functions on R with re-
spect to the standard measure. Prove that L?(R, C) is a separable Hilbert space.

L.5. Let S be the unit circle and let f € C®(S,R). Define the multiplication operator M by
f on L%(S,R). Is it a bounded operator? If so, give a proof.
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If a subset is dense in@ shouldn't it be uncountable in all cases?
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[.2. What is a continuous function from R to R? Giv¢'two examplgs and two non-examples
of such functions with explanations.
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[.3. Let|C*(R,R)/be the set of all real-valued smooth functions on R. Is it an inner product
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"MANUALLY" COMPUTED ANTIDERIVATIVE:

[f(z)dz = F*(z) =

"Manual" integration with steps:
The calculator finds an antiderivative in a comprehensible way. Note that due to some simplifications, it might

only be valid for s of the function. 0
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e” (sin(z) — cos(z))
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